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DUALITY FOR PARTIAL GROUP ACTIONS 

CHRISTIAN LOMP 

S' 

o 
o, 

^S| , Abstract. Given a finite group G acting as automorphisms on a ring A, the skew 

group ring ^ * G is an important tool for studying the structure of G-stable ideals of 

Q I A. Thering^^G is G-graded, i.e.G coactson^*G. The Cohen-Montgomery duality 

^^ ' says that the smash product A * G^k[G]* of ^ * G with the dual group ring k[G]* 

is isomorphic to the full matrix ring Mn{A) over A, where n is the order of G. In 

this note we show how much of the Cohen-Montgomery duality carries over to partial 

group actions in the sense of R.Exel. In particular we show that the smash product 

■^ ■ {A *a G) i^k[G]* of the partial skew group ring A*aG and k[G]* is isomorphic to a 

^ I direct product of the form K x eMn{A)e where e is a certain idempotent of Mn{A) 

• ■ and if is a subalgebra of (.4 *„ G) #fc [G] * . Moreover A*a G is shown to be isomorphic 

''pi I to a separable subalgebra of eMn{A)e. We also look at duality for infinite partial 

C^ i group actions and for partial Hopf actions. 



1. Introduction 
> ; 

^ ■ Let A; be a commutative unital ring and A a untial fc-algebra. Given a finite group 

00 ■ G acting as /c-linear automorphisms on A, Cohen and Montgomery showed in ^ that 

O I the smash product A* G^k[G]* of the skew group ring A* G and the dual group ring 

k[G]* = Hom(fc[G], A;) is isomorphic to the full matrix ring Mn{A) over A, where n is 
1^^ ■ the order of G. 

O ! R.Exel introduced in |[6] the notion of a partial group action on a /c-algebra: G acts 

partially on ^ by a family {ag : Dg-i -^ Dg}g(zG if for all g E G, Dg is an ideal of A 
L^ and ag is an isomorphism of /c-algebras such that for all g , h ^ G: 

Hi (i) Df. = A and cte is the identity map of A; 

(ii) ag{Dg-l n Dh) =Dgn Dgh] 

(iii) ag{ah{x)) = agh{x) for all x e Dh-i n D(^gh)-i. 

The partial skew group ring of A and G is defined to be the projective left ^-module 
A*aG = ©ggc Dg with multiplication 

[a0g){h0h) = ag{ag-i{a)b)0gh 
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nanced by FCT (Portugal) through the programs POCTI (Programa Operacional Ciencia, Tecnologia, 
Inovagao) and POSI (Programa Operacional Sociedade da Informagao), with national and European 
community structural funds. 
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2 CHRISTIAN LOMP 

for all a E Dg and b G D^ and where 0g is the placeholder for the gth component of 
ggDg. Since ^ *q, G is naturally G-graded, the question arises how much of the 
Cohen-Montgomery duality carries over to partial group actions. 

As in [5j we will assume that the ideals Dg are generated by central idempotents, 
i.e. Dg = Alg with central idempotent Ig & A for all g E G. For any g E G we define 
the following endomorphism /Sg : A -^ A oi A hj 

/3g{a) = ag{alg-i) Wa E A 

This map gives rise to a fc-linear map k[G] ® A ^ A with 

g ® a^^ g ■ a := (3g{a) = ag{alg-i) 

for all g E G,a E A. 

Lemma 1.1. With the notation above we have that 

(1) (3g are k-algebra endomorphisms of A for all g E G, i.e. 

g ■ (ab) = {g ■ a){g ■ b) Va, b E A. 

(2) g ■ {h ■ a) = {{gh) ■ a)lg for all g,h E G and a E A. 

(3) {g ■ a)b = g ■ {a{g~^ ■ b)) for all a,b E A and g E G. 

Proof. (1) follows since the ag are algebra homomorphisms and the idempotents Ig are 
central, i.e. for all a,b E A: 

(3g{ab) = ag{ablg-i) = ag{alg~iblg-i) = ag{alg-i)ag{blg~i) = (3g{a)(3g{b). 

(2) follows from [5, 2.1(ii)]: 

ag{ah{alh-i)lg-i) = agh{alh~ig'i)lg 

what expressed by (3 yields the statement of (2). 

(3) Using (1), (2) and the fact that (3e = id and that the image of Pg is Dg = Alg 

-' ■ b)) = {g ■ a)blg = {g ■ a)b. 

D 

= Ig and g ■ {g-^ ■ a) = {{gg~^) ■ a)lg = alg 
for all a e v4 and g E G using property (2). Moreover using the fact that ag is bijective 
and Ig central we have for all a G ^ and g E G that g-a = if and only if a G .4.(1 — 1^). 

2. Grading of the partial skew group ring 

The partial skew group ring is the projective left ^-module A *a G = 0„gG Dg. 
We will write an element of ^ *q, G as a finite sum of elements Ylq<^G '^g^d where 
Og E Dg = Alg 0.11(1 0g IS 8. placchoHcr for the ^f-th component. A *a G becomes an 
associative fc- algebra by the product: 

{a0g){b0h) = ag{ag-i{a)b)0gh 
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for all g,h E G and a E Dg and b G Dh. Using our '-'-notation we see easily 

{a0g){h0h) = a{g ■ b)0gh. 

The algebra A*aG is naturally G-graded where the homogeneous elements are those 
in {Dg}g^G, i-6. DgDh C Dgh by definition of the multiplication in A *« G. Thus 
A*aG becomes a /i;[G']-comodule algebra. Note that the G-grading is strong, in the 
sense that DgDh = Dgh if and only ii Dg = A for all g E G, i.e. the G-action is global 
(since if DgDh = Dgh for all g,h E G, then 

Alglg-l = DgDg-1 = Dgg-1 = De=A, 

thus Ig is an invertible central idempotent and hence equals 1, i.e. Dg = A). Known 
results on graded rings can be applied to the G-grading of A *a G. 



3. Duality for partial actions of finite groups 

Assume G to be finite, then k[G]* becomes a Hopf algebra with projective basis 
Pg G k[G]* where Pg{h) = 6g^h for all g,h E H. The multiplication is defined as 
Pg*Ph = Sg,hPg and the identity element of k[G]* is 1 = J^henPh- Now A*aG becomes 
a A;[G]*-module algebra by 

Ph t> {a0g) = 6g^ha0g 

for all g,h E G and ttg G Dg. The multiplication of the smash product [A *a G) 4^k[G]* 
is defined as 

{a0gifph){b0kifpi) = ^{a0g)\ps>{b0k)]ifps-ih*Pi = ia0g){b0k)ifpk-ih*pi = a{g-b)0gkif5h,kiPi- 

The identity element of i3 = ^ *„ G^k[G]* is '^heG^^^'f^P^- ^^ ^^^ '^^se of global 
actions Cohen and Montgomery proved in [3j that A * G^k[G]* ~ Mn{A) where 
n = \G\ and Mn{A) denotes the ring of n x n-matrizes over A. We will index the 
matrizes of Mn{A) by elements of G and denote by Eg^h the elementary matrix that 
has the value 1 in the ^f-th row and the h-th column and zero elsewhere. 

Proposition 3.1. Let G be a finite group of n elements, acting partially on an k- 
algebra A and consider the k-algebra B = {A*a G) #A;[G]*. The map 

^ -.B — > Mn{A) with 
^ ag^h09i^Ph '-^ X^ ^"^ ■ i9~^ ■ ag,h)Egh,h 

g,h g,h 

is a k-algebra homomorphism. 
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Proof. First note that for any g,h,k G G and a E Dg,h E D^ we have, using Lemma 
11.1( 2) in the 2nd, 4th and 6th hne and Lemma [1.1( 1) in the 3rd hne: 

k~^-{{gh)-^-{a{g-h))) = k'^ ■ {{{gh)-' ■ a){{gh)-^ ■ {g ■ h))) 

= k-^-[{{gh)-'-a){h-'-h)^g,,y.] 
= [k-' ■ iigh)-' ■ a)] [k-' . ih-' . b)] 

= {{ghk)-'-a){{hkr'-b)lk~i 

= iighk)-'-a)^hk)-^iihk)-'-b)U~i 

= i{hkr'-{g-'-a))ik''.{h-'.b)) 

Thus we showed: 

(1) k-' . iighr' . {a{g ■ b))) = {{hk)-' • {g-^ ■ a)){k-^ ■ (h-' ■ b)) 

For any a0g^ph, b0k^pi G {A *a G) ij^k[G]* we have, using equation ([1]): 

^{{a0gi^Ph){b0ki^pi)) = <^{a{g ■ b)0gki^5h,kiVi) 

= r^ ■ {{gky^ ■ {a{g ■ b)))Eyki,iSh,ki 

= {{kl)-' ■ {g-' ■ a)){l-' ■ {k-' ■ b))Egj,,hEMAM 

= ih-'-ig-'-a))E,h,h{l-'-ik-'-b))Eki,i 

= ^{a0gi^ph)^{b0ki^pi) 

Hence $ is an algebra homomorphism. D 



Note that $ restricted to ^ *„ G is injective, i.e. A *a G can be considered a 
subalgebra of Mn{A). In general Ker($) is non-trivial, unless the partial action is a 
global action. 

Proposition 3.2. Ker($) = ^g^^^a^^'^ " ^ah)lg0gi^Ph- 

Proof. Suppose 7 = Y.g,h^9,h^9#Ph ^ Ker(<l>), then h-^-{g-^-ag^h) = for all g,heG. 
Thus {g-'^ ■ ag^h) e ^(1 - U) n Dg-i = A{1 - U)lg-i. Hence 

«9,ft = 9 ■ {9~^ ■ a9,h) e Ag- {1 - U) = A{lg - Iglgh), 

i.e. 7 G ®„hA{l — lgh)lg0gi^Ph- The other inclusion follows because 

$ {{g ■ (1 - lh))0gi^Ph) = h-' ■ {g-' -{g-il- lh)))Egh,h = h~' ■ ((1 - lh)lg)EgH,h = 0. 

n 

Note that the inclusion of A* aG into {A *a G) i^k[G]* is given by a0g ^^ J2h£G '^^9H^'Ph 
for all (? G G and a G Dg. If Ylih^G'^^9^Ph ^ Ker($), then a G ^(1 — ^gh)^g for all 
h E G. In particular for h = e we have a G A{1 — lg)lg = 0. Hence $ restricted to 
^ *Q, G is injective. 
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We will describe the image of $. By definition of $, the image of an arbitrary 
element 7 = Y.g,h (^g,h09#Ph is 

9,h 

with br^s = r~^ ■ ars-^,s for all r,s E G. 

Proposition 3.3. The image of^ consists of all matrices of the form (bg^h^g-ilh-^) f^^Q 
for any matrix {bg^h) of elements of A. In particular Im.{^) = eM„(A)e, where e is the 
idempotent XlgeG ^g^^^a^g- 

Proof. We saw already that an element of the image of $ is of the given form. Note 
that by definition of partial group action we have 

Dg n Dgh = ag{Dg-i f] D h) 

for all g,h E G. Hence also 

holds for all g,h E G. Thus for all 6 G ^ there exists a E A such that 

blg-ilh-^ = ag-llalgft-llg) = g'^ ■ («lg/j-i)- 

This implies that 

<^{alglgh-i0gh-^4^Ph) = h-^ ■ {{hg-^) ■ {alglgh-i))Eg^h 

= 9~^ ■ {a'^g'^gh-i))'^h-^Eg^h 

= blg-llh-lEg^h 

Hence given any matrix (bg^h) there are elements ttg^h such that 

* l^ag^hlglgh-^0gh~^i^Ph\ =^bg^hlg-^lh-^Eg^h = {bg^hlg-ilh-^)g^heG- 

V g,h / g,h 

This shows that Im($) consists of all matrizes of the given form and hence is equal to 
eMn{A)e. Note that e is the image of the identity element of B. D 

The last Propositions yield our main result in this section 

Theorem 3.4. {A*a G) #fc[G]* ~ Ker($) x eM„(^)e. 

Proof. The kernel of $ is an ideal and a direct summand of i3 = (^ *„ G) i^k[G]*. To 
see this we first show that the left ^-module / = ^^^ AlghXg0giJ^Ph is a two-sided 
ideal of B. For any x0k^pi G B and alghlg0gi^Ph G / we have 

{alghlg0g#Ph){b0k#pi) = alghlg{g ■ blk)0gk#dh,kiPi = a{g ■ b)6h,kdgkdgk0gki^pi G /. 

{b0ki^Pi){alghlg0gi^Ph) = b{k ■ alghlg)0kg#Sk,ghPh = b{g ■ a)5h^ki^kghUg0kgH^Ph e I- 

Since / © Ker($) = B and both direct summands are two-sided ideals we have B = 
I X Ker($) (ring direct product). Moreover $(/) = eMn{A)e = Im($). This implies 
B ~ Ker($) x eM„(^)e. 
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D 

Note that $ embedds A*aG into the Pierce corner eMn{A)e. 

Corollary 3.5. A*aG is isomorphic to a separable subalgebra of eMn{A)e. 

Proof. Recall that the subalgebra A*a G sits into B by a0g \-^ Tlihec'^^d^Ph- The 
right action of ^ *o, G on B is given by 

{x0k#pi) ■ a0g = {x0k#pi) f ^a0g#ph j = {x0k){a0g)#Pg-ii 

\heG J 

The left action is given by 

a0g ■ {x0ki^pi) = I ^a0gi^ph j {x0k^pi) = {a0g){x0k)^pi 

\hGG J 

The element 

g&G 

is A *a G-centralising, i.e. for all a0h G ^ *q, G we have 

fa0h = ^ 0e#pg ® a0hi^ph-ig = ^ a0hi^ph~ig (g) 0ei^ph-ig = a0hf 

g&G geG 

Since also fi{f) = 0^H^'Yl,n£GP9 ~ ^I3 *^ have that / is a seperability idempotent for 
B over A *a G. Hence eM„(^)e ~ <l>(i3) is separable over ^{A *q, G) ~ ^ *„ G. D 

4. Trivial partial actions 

The easiest example of partial actions arise from (central) idempotents in a /c-algebra 
A. Suppose that A admits a non-zero central idempotent, i.e. there exist algebras R, S 
such that ^ = i? X 5" as algebras. For any group G set D^ = i? x and ag = idoJoT all 
g y^ e and De = A and ctg = id^^. Then {ag \ g G G} is a partial action of G on A. The 
partial skew group ring turns out to be ^ *q, G ~ R[G] x S, where R[G] denotes the 
group ring of R and G. Note that x 5* is in the zero-componente of the G-grading on 
A*aG. If G is finite, say of order n, then a short calculation (using Cohen-Montgomery 
duality and Theorem 13.41) shows that B = {A*aG)^k[G\ is isomorphic to Mn{R) x S'^ 
where S"^ denotes the direct product of n copies of S. Depending on the rings R and 
5", B might or might not be Morita equivalent to A. For instance if i? = S" = F is 
a field, then any progenerator P for A has the form F^ x F*" for numbers k,m > 1. 
Thus Endjt(P) ~ Mk{F) x Mm{F), whose center is isomorphic to F"^ = A. On the 
other hand B = {A*a G)4^k[G] ~ M„(F) x F"" has center F"+\ i.e. B will be Morita 
equivalent to A if and only if G is trivial. 

On the other hand, there are algebras which satisfy (as algebras) A^ ~ ^ ^ Mn{A) 
for any n. To give an example, let R be the ring of sequences of elements of a field /c, 
i.e. R = k^. The function x with x(2n) = 1 and xi'^f^ + 1) = for all n defines an 
idempotent of R. The map \E' : xi? -^ R with '${xf){'n) = f{2n) is a ring isomorphism. 
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Analogosuly we can show that (1 — x)i? ^ R. Hence R^ ~ R. Now take A = Endfc(F), 
where F = R^^^ denotes the countable infinite free i?-module. Using again x we have 
that 

A = (xA) X ((1 - x)A) ^ ^ X ^ ^ ■ ■ ■ ~ ^" 

for any n > 2. Moreover for any partition of N into n infinite disjoint subsets Ai, . . . , A„, 
we have that 

F = i?(^) ~ i?(^^) © ■ ■ ■ © R^^-^ ~ F". 

Hence A = Endfc(F) ~ Endfc(F") ~ Mn{A). Applying the double skew group ring 
construction again we conclude that 

B={A*a G)#k[G\ ~ Mnix-A) X ((1 - x)^)" -Ax A- A. 

5. Infinite partial group action 

Following Quinn ^ we define $ in case of G being infinite as a map from ^*„ G to 
the ring of row and column finite matrizes. Let Mg(A) be the subring of Endfc(^''^') 
consisting of row and column finite matrizes {ag^h)g,heG indexed by elements of G with 
entries in A, i.e. for any g E G the sets {agh\h G G} and {ahg\h G G} are finite. 
Let Eg^h be, as above, those matrizes that are 1 in the {g, h)th component and zero 
elsewhere. Note that Eg^hEr,s = 5h,rEg^s- Then define $ : ^ *„ G — »• Mg{A) by 

heG 

for any a0g & A*a G. Note that the (infinite) sum on the right side makes sense in 
Mg{A). As above one checks that $ is an algebra homomorphism. 

Proposition 5.1. Let G be any group acting partially on A. Then A*aG is isomor- 
phic to a subalgebra of eMG{A)e where Mg{A) denotes the ring of row and column 
finite matrizes indexed by elements of G and with entries in A. The element e is the 
idempotent J2neG ^g~^-^9,9- 

Proof. For all a0g, b0h E A*aG we have using equation ([1]) in the 4th line: 

^a0gMb0h) = lj2^''-(9''-a)EgkMj2^''-(^''-^)^^^ 
VfceG / \ieG 

k,leG 

= j2((h^y'-(9-'-ami-'-{h-'-b))Eg,,, 

leG 
= Y.l-'.{{gh)-'.{a{g.b)))Eg^,,, 

l&G 

= <!>{a{g ■ b)0gh) 
= ^{{a0g){b0h)) 
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Hence $ is an algebra homomorphism. Since 

<l>{a0g) = ^ (V/i G G) : h'^ ■ {g-^ ■ a) = ^ g ■ {g^^ ■ a) = alg = ^ a = 0, 
we have that $ is injective. Moreover ^{a0g) G eMG{A)e as above. D 

6. Partial Hopf action 

In [2] Caenepeel and Janssen defined the notion of a partial Hopf action as follows: 
Let if be a Hopf algebra, with comultiplication A, counit e and antipode S, and let A 
be a fc-algebra such that there exists a /c-linear map 

• : H^A^ A 

sending h® a \^ h ■ a. The action ■ is called a partial Hopf action if for all h,g & H 
and a,b & A: 

(1) h.{ab) = ZiH)ihi-a){h,.by, 

(2) lH-a = a; 

(3) h-{g-a) = E(/,)(^i ■ 1)((M) ■ a); 

Let i7 be a Hopf algebra which is finitely generated and projective as /c-module with 
dual basis {{bi,pi) E H x H* \ I < i < n}. Then there exist structure constants 

c^i and mil i^ ^ ^^^^ ^^^^ ^(^i) = X]fc i=i '^fc/^fc ® ^^ ^'^'^ ^fc^' = XliLi "^fc «^« ^°^ ^^^ 
1 < i,k,l < n. It is well-known that i/* becomes a Hopf algebra with comultiplication 
and multiplication defined on the generators {pi \ I < i < n} as follows: /S.H*{pi) = 
Y2,i=i ^l,iPk ®Pi and pk*Pi = X]r=i ^k,iPi- The counit of H* is given by en* (/) = /(I). 
Recall that H* acts on ii^ from the left by / ^ /i = X](h) ^1/(^2), such that the 
smash product H^H* can be considered whose multiplication is given by 

(/) 

for all h,k & H and f,gE H* . The smash product yields a left module action on H, 
i.e. an algebra homomorphism 

A : Hi^H* ^ Endfc(i7) /i#/ ^ [A; ^ /i(/ - k)]. 

The smash product H^H* is sometimes called the Heisenberg double of H and in 
case H is free of finite rank isomorphic to Endfc(if) (see [TJ 9.4.3]). 

Analougosly we have a right action of H* on iif by /i ^- f = J2(h)^'^fi^i) ^^^ ^^^ 
f G H* and h E H, turning H into a right iJ*-module algebra. The smash product 
H*^H yields a right module action on H, i.e. an algebra anti-homomorphism 

p : H*i^H -^ Endfc(//) /#/i ^ [A; ^ (A; - f)h] 

As in [7, 9.4.10] one shows that for all h,k e H and f,ge H*: 

(2) A(/i#/)p((/#l) = ^ p(^2#l)A((/i - S{g^Mf) 

i9) 
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Now assume that H acts partially on A, then the map A_4 : A ^ A® H* with 



Ha) A = ^{bi -a)® Pi 



1=1 



for all a G ^ defines a partially coaction. The map A^ satisfies: 



A^(a6) = A^(a)A^(fe) 
(l(g)ej/.)A^(a) = idAia) 
(A^®l)A^(a) = (A^(l)®l)(l®AH*)A^(a) 



The last equation shows that in general this coaction does not make A into a right 
if-comodule. It can be deduced using the structre constants and property (3) from 
above 



y^ bj ■ {bi ■ a) ®pj®pi = ^ 4:,i'^[iibk A){br- a) Pj Pi 

i,j=l i,j,k,l,r=l 

n 

= X] "^[,i {bk A){br ■ a) pkPi ® Pi 

i,k,l,r=l 
n 

•=1 
n \ / ^ 

J2ibk ■ 1) ® Pfc ) I J](&r ■ a) ® A{pr 



vfc=l / \r=l 



With the above notation we define a homomorphism (p : A ^ A^ Endk{H) by 



n 

[a] 

=1 



5;^(6.-a)®p(5-^fe)#l). 
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Then is an algebra homomorphism, because 

n 

i=l 

n 

i=l 
n 

k,l=l 
n 

= J2{bk- a){{bi ■ b) ® piS-\pi)S-\pkm] 



k,l=l 
n 



J2 ih ■ a){{k ■ b) ® p{S-\p,)i^l)p{S-\pi)i^l) 



fcj=i 



= 4>{a)m- 

where we use in the hne before the last the fact that p is an anti-homomorphism. 

The partial smash product of A and H is defined as a certain submodule oi A® H. 
On A® H we define a new (associative) multiplication by 

(a ®h){b® g) := ^ a(/ii ■ b) ® h2g. 

(h) 

for all a,b & A, h,g E H. Note that A^ H is naturally an ^-bimodule given by 

x{a (g) h)y = {x ^ l)(a (g) h){y (g 1) = y^a;a(/;,i ■ y) ® h2 

(h) 

The partial smash product is defined to be Aij^H = {A® H)lj[ and is spanned by the 
elements of the form X^r/i) ^(^i ' ^a) ® ^2} for all a E A, h E H . The partial smash 
product becomes naturally a right iZ-comodule algebra by 

p=l® ^■. A® H —^ A® H ®H, a®h^y^]a®hi®h2 

(h) 

and for all (a ®h)l^ G Ai^H we have 

p((a ® h)l_A) = ^ a{hi ■ 1^) ®h2® h, 
(h) 

making Ajj^H into a right if-comodule algebra. Moreover Ajj^H becomes a left H*- 
module algebra, where the action is defined by 

/ > iiaWU) = 5^(a(/ii ■ Umf - h2) = (a#(/ - h))U, 
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for all / G H* , h E H,a E A. The classical Blattner- Montgomery duality ([1] says that 
the double smash product A^H^H* is isomorphic to Mn{A) where n is the rank of 
H over k. 

Lemma 6.1. Leti) : if#i/* -^ ^(g)Endfc(if) be the map defined by hjj^f ^ l(g)A(/i#/) 
for allh e H,f e H*. Then for all a e A,h e H, f e H* we have 

mijih^fma) = Y^ ^(hi ■ amh^f). 

(h) 

Proof Let a eA,hEH,f e H*. 

J]0(/ii-a)^(/i2#/) = J]p.(/ii)0(6,-a)^(/i2#/) 
(h) {h),i 

= Y^b^ {h ■ a) ® p{S-\p,)#l)X{h - p,#/) 

hi 

= 5^(6fe • l){br ■ a) ® p{S-\pk{Pr)im)Xih - {Pr)2#f) 
k,r 

= 5^(6fe • l){br ■ a) p{S~\p,)#l)p{S-\{pr)im)X{h - {Pr)2#f) 
k,r 

= 0(1) Yibr ■ «) ® p{S-\pr)24^1)X{h - {S{S-\pr)lW) 
r 

= <P{l)Yibr-a)®X{hi^f)p{S-\prm) 

r 

= 0(l)V^(/i#/)0(a) 

where we use equation ([2]) in the third line from below. D 

Theorem 6.2. Suppose that H is a Hopf algebra, finitely generated projective over k, 
which partially actions on A. Then $ : A ® Hjj^H* ^> A® End/j(if ) with 

a®h4hf^ct){a)ij{h4hf) 

is an algebra homomorphism. The image of the restriction to A^^H^H* lies inside 
e{A® Endk{H)) e where e is the idempotent 

n 

e = 5^(fe,-l)®p(5-i(p,)®l). 
j=i 
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Proof. For any a,b E A,h,k E H and f,gE H* we have 

= 0(a)0(l)V'(/i#/)0(6)V^(A;#^) 
(h) 

(hj) 

\ihj) 

= ^{{a(g>h4ff)ib(g)kifg)). 

Hence $ is an algebra homomorphism. Since the image of the identity 1 = ^a^^^^hH^^h* 
of Ai^H^H* under the map $ is e, e is an idempotent. Moreover 

$(7) = $(171) e e{A (g) Endfe(i/))e, 

for all 7 G Aj^H j^H*. D 
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